A CLASSIFICATION OF LOW GENUS MODULAR CURVES
ERAY KARABIYIK

ABSTRACT. Let G be an open subgroup of GLZ(Z) satisfying det(G) = Z* and —1I € G. Associated to G,
there is a modular curve Xg defined over Q which parametrizes elliptic curves with G-level structure. We
give a classification of modular curves with genus equal to a fixed nonnegative integer g. In particular, we
show that all modular curves of genus g lie in finitely many families of Q*P-twists of modular curves. We
also describe an algorithm for computing all families of modular curves of a fixed genus g and use this to
compute projective models for these modular curves. This algorithm has been fully implemented for g < 12.

1. INTRODUCTION

Let E be a non-CM elliptic curve defined over the rational numbers. Fix an algebraic closure Q of Q.
Let Galg := Gaul(@/@) denote the absolute Galois group of Q. For any positive integer N, let E[N] be the

N-torsion of E(Q), it is a free (Z/NZ)—module of rank 2. The group Galg acts naturally on E[N] and respects
the group structure. This gives rise to a Galois representation

pe,N: Galg — Aut(E[N]) = GL,(Z/NZ).
Fixing compatible bases for E[N] for all N > 1, and taking the inverse limit, one gets the adelic representation
pe: Galg — Aut(Eqors) = GL,(Z)

where Z is the profinite completion of Z. The image of pg is uniquely determined up to conjugacy in GL,(Z).
The group pg(Galg) is a closed subgroup of GL,(Z) with respect to the profinite topology. In [Ser72], Serre
proved that pg(Galg) is an open subgroup of GLZ(Z).

Let Xcyc : Galg — 7* be the cyclotomic character. Using the Weil pairing on E, one can show that det opg
agrees with Xcyc, and hence the image of pg has full determinant, i.e, det(pe(Galg)) = Z*. Let G be an open
subgroup of GLZ@) such that det(G) = 7% and —1 € G. Associated to G, there is a nice curve Xg over Q
that parametrizes elliptic curves with G-structure which will be explicitly defined in §2. A modular curve is
any curve of the form Xg.

In this paper, we classify modular curves of genus g into finitely many families of Q*P-twists. We state
here a simplified version; it is proven as part of Theorem 1.5.

Theorem 1.1 (Classification of modular curves of fixed genus). Fix a non-negative integer g. There are
finitely many sets (called families of modular curves) (% )iec1 of modular curves such that;

(1) The family %; consists of twists of a single modular curve Xg, for all i € I,

(2) If X is a modular curve of genus g, then Xg € .%; for some i € L.

Using these families, we also describe an algorithm that quickly computes projective models of modular
curves of genus g. We have computed all such families of modular curves of genus at most 24. The algorithm
has been implemented for modular curves of genus at most 12. A Magma [BCP97] package implementing the
algorithm can be found at [Kar25].

Our Magma package has been used by [LMFDB]| to compute projective models for more than one million
modular curves in their modular curves database.
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1.1. Modular curves. Let G C GLz(i) be an open subgroup such that det(G) = Z* and —1 € G. We will
define the associated modular curve Xg in §2. It is a smooth, projective, geometrically irreducible curve
defined over Q. An inclusion G C G’ C GLz(z) induces a nonconstant morphism of curves Xg — Xg-. For the
group GLz(i), we have particular isomorphism Xan, @) = I% = Ab U{oo}, and call XaL, (@) the j-line. Taking

G’ = GL,(Z), we have the associated j-map
m: Xg — P,

Let pt: Galg — GLz(z) be the dual representation of pg defined by pf (o) = pe(o~1)T. The curve Xg has
the following property, cf. [Zyw22, Proposition 3.5].

Proposition 1.2. Let E be any elliptic curve defined over Q with j-invariant je ¢ {0,1728}. Then p} (Galg) is

conjugate in GLZ(Z) to a subgroup of G if and only if jg is an element of 716 (Xg(Q)) € Q U{oco}.

Throughout the thesis, by the genus of an open subgroup G C GLZ(Z), we mean the genus of the associated
modular curve Xg. If G; and G, are open subgroups of GL,(Z) that are conjugate to each other, then
associated modular curves are isomorphic; so we only consider open subgroups up to conjugacy in GL,(Z).
The level of an open subgroup G of GLz(z) is the smallest positive integer N such that G contains the kernel
of the reduction modulo N map GL>(Z) — GL2(Z/NZ).

For classical families of modular curves (Xo(N), Xi(N), Xns(N), X} (N), Xs(N) and so on) there are
many algorithms to compute models in the literature. On the other hand, for an arbitrary open subgroup
G C GLz(i) with —I € G and det(G) = Z, there are limited methods to compute a model for Xg. One
such algorithm is the one implemented in [Zyw22], see §2. Let g > 0 be an integer. In §7, using a twisting
argument, we describe a related algorithm to compute the model of any modular curve Xg, whose genus is g.
When Xg is a geometrically non-hyperelliptic modular curve of genus at least 2, the algorithm computes the
image of the canonical map as the projective model.

There are many equivalent definitions of the modular curve Xg. One can define Xg by explicitly defining its
function field or as the general fiber of the coarse stack Mg defined over Z[1/N] that parametrizes generalized
elliptic curves with G-level structure, see [DR73] for details. One can also refer to [KMS85] for the fine
arithmetic of modular curves, where the level structure has a meaning over schemes where N is not invertible.
We will opt to define Xg through a certain graded ring of modular forms which is defined in §2.

~

1.2. Agreeable groups. Fix a non-negative integer g. Let G be an open subgroup of GL;(Z) that has full
determinant and contains —I. For our classification of modular curves of genus g, we introduce a special kind
of subgroup of GL,(Z) that contains the group G.

Definition 1.3. An open subgroup H C GLz(z) is agreeable if det(H) = ZX, H contains the scalar matrices,
i.e. Z* -1 C H, and the levels of H in GL;(Z) and HN SL;(Z) in SL;(Z) have the same odd prime divisors.

There exists a group G C G C GrLz(Z]7 called the agreeable closure of G, which is minimal, with respect
to inclusion, among all agreeable subgroups that contain G. The group G is normal in § and satisfies
[G, G] =[G, 9] i.e., their commutator subgroups agree. Since there is a nonconstant morphism Xg — Xg, the
genus of § is less than or equal to the genus of G.

The set of agreeable subgroups is closed under conjugation in GL;(Z). We show in §5 that there are only
finitely many agreeable subgroups of genus at most g.

1.3. Families attached to a pair. Let § C GL5(Z) be an agreeable subgroup of GL(Z). Fix a subgroup B
of G such that [G,5] C B C SN SL,(Z).
Definition 1.4. The family attached to the pair (G, B), denoted .% (G, B), is the set of open subgroups G of §
such that det(G) = Z* and G N SL;(Z) = B.

Assume .% (G, B) is nonempty and fix G € .%(G,B). In §4, we show that the family .% (G, B) consists of the
groups
(1.1) Gy:={g€9:g-G=ry(det(g))}
where y: ZX — G/G a continuous homomorphism. Since the genus of an open subgroup of GL»(Z) is

determined by its intersection with SL(Z), all the groups in .% (G, B) have the same genus.
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Genus | Families | Agreeable Groups

0 638 418
1 1753 1078
2 1209 885
3 3865 2244
4 1573 1151
5 6181 3659
<6 15943 9998
<12 48819 30233
<24 166141 95981

TABLE 1. Number of families and agreeable groups up to conjugacy in GL;(Z) for small
genus

The families .7 (G, B) were first introduced in [Zyw22, §14]. We will inspect the families of modular curves
in more detail in §4. For the remainder of the thesis, by a family of groups, we mean a nonempty family
attached to an arbitrary pair (G, B).

An open subgroup G clearly lies in the family .%#(G,G N SL,(Z)), where § is the agreeable closure of
G. Consider the associated modular curve Xg and the natural map mg,g: Xg — Xg. The group § acts
on Xg, and the restricted action of G is trivial. Hence, there is an action of §/G on Xg. In fact, we
have Aut(Xg/Xg) ~ §/G, where Aut(Xg /Xg) is the group of automorphisms f of the curve XG that satisfy
nig,g o f = mg,g. The family #(9,G N SLZ( )) consists of groups of the form G,, where y: 7x — G/Gis a
continuous homomorphism. Precomposing v with the cyclotomic character xcyc, we obtain a homomorphism

£: Gal(Q™/Q) — §/G

which can be viewed as a T-cocycle of Xg. We will show in §6 that, by twisting the curve Xg with the cocycle
&, we obtain a curve (Xg)g and (Xg)g = Xg, . Hence, a family .% (G, B) can be viewed as a family of twists of
modular curves.

In the rest of the thesis, the terms family of groups and family of curves will be used interchangeably, and
both will refer to a family of the form % (G, B). We prove Theorem 1.1 as part of the following.

Theorem 1.5. Fix a non-negative integer g.

(1) There are only finitely many families of modular curves of genus g, each of which is effectively
computable. (See Corollary 6.5 + Theorem 5.3.)

(2) Let G be an open subgroup of GL>(Z) of genus g with full determinant and —I € G. There is an
effective algorithm utilizing families of modular curves, which takes as input the group G and outputs
a projective curve Cg C Po for some r > 0 such that Cg is isomorphic to Xg. (See Section 7.)

For the implementation of the algorithm of Theorem 1.5, first, we compute the finitely many families of
genus ¢, choose a representative group H € .% (G, B) for each family, and precompute a projective model for
Xp. This reduces the computation of Cg to identifying a family .# (G, B) that contains G, computing the
continuous homomorphism v : Z — G/H such that G = H,, and then twisting the projective model of Xy with
respect to the cocycle y o Xcyc. Computationally, twisting the model is equivalent to a collection of linear
algebra and group theory computations which are easily handled on most computer algebra systems. Refer
to §7 for a detailed exposition of our algorithm.

Theorem 1.5 will be proved in §5 and §6. Table 1 shows the number of families and agreeable subgroups
for small g.

1.4. Example: A family of quadratic twists. Consider the family of modular curves .% (G, B) where G
and B are given as
§5=((2%) (&) (35),(39)) c GL2(Z/162),
3



B:=(({9)) Cc SL,(Z/8Z).
We view G as an open subgroup of GLZ@) by identifying it with 7:1’61 (G) where 6 : GLz(i) — GL,(Z/167)
and similarly for B. The group
He=((2%), (1), (33)) € GL2(Z/16Z).

lies in the family .% (G, B), has index 192 in GLZ(Z) and has genus 5. The modular curve Xy has the canonical
model Cy C Pg given by:

—x1%4 — X3 +%x5 =0
—2x1%a +2X5 +x2 =0
—2x% + 2x3x5 + x5 = 0.
The model of Xy given above is the canonical model i.e., comes from the cusp forms S, 1 (see §2) which is

a Q-vector space of dimension 5. The agreeable closure G has index 96 in GLz(Z) and so G/H is isomorphic to
the cyclic group of order 2. The nontrivial element of §/H acts on S, 1 (with respect to our choice of basis)

. ] .
1

Let v : 7% — G/H be a continuous homomorphism and let H, be the corresponding group in .% (G, B).
Since §/H is cyclic of order two, there exists a squarefree integer d such that xcyc(Galk,) = kery where
Ky = Q(v/d), the curves Xy and Xy, are isomorphic over K. In particular, the cocycle defining the twist
Cp, of the model Cy is given by the map & : Gal(K/Q) — GLs5(K, ), 0 # 1 — M. A quick computation shows
that the curve given by the equations

1 0
0
0

—_

0
0
0
0

loleolole] |
—

00
10
0 —
00 —
00 O

—X1X4 — dx% +x§ =0
—2x1X4 + 2dx§ + xé =0

—Zx% + 2x3X5 + xﬁ =0.

is isomorphic to Xy, . Hence, the set of equations given above as we vary the squarefree integer d, corresponds
to the family of modular curves .# (G, B). As a particular example, consider the following group.

G =((373311), (833 308), (33 377 ), (53 393)) € GLa(Z/9442).

The curves Xy and Xg are isomorphic over the number field K := Q(v/118) C Q(lo44). Using our
implementation, we find the curve C C ]P’f‘Q given by the equations

—x1x4 — 1183 +x3 =0
—2xX1%4 + 236x% + x% =0

—Zx% + 2x3%5 + xzzl =0.

is isomorphic to Xg.

On our machine, the precomputation of the family .7 (G, B), the representative Xy, and the model Cy
took 0.50 seconds using Zywina’s method [Zyw22]. After this precomputation, our implementation took 0.41
seconds to compute the model C of Xg and the associated j-map Xg — IP’(‘@. On the same machine, Zywina’s
implementation took 22.79 seconds to compute a model for the modular curve Xg (without the j-map). For
modular curves of higher level, the computation of j-maps is particularly time consuming, as it involves
finding relations between the j-invariant and cusp forms whose coefficients lie in Q({n), where N is the level
of G. We avoid this step via twisting in our algorithm. As a result, our algorithm remains efficient even as
the level of the input curve Xg increases. Although we do not compute g-expansions to find the models,
it should be noted that the current implementation of our algorithm can still be used to compute certain
subspaces of My ¢ (for instance, S ¢ in the above example) via twisting.
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1.5. An example of cubic twists. Consider the the following group.
G=((4 '), (132 8), ("5 17s)) ¢ GL2(Z/1822).
We find that G is conjugate to a group that lies in the family .# (G, B) where G and B are given as

§:=((53), (F 1), (1712)) € GL2(2/262),

B:=((15 %), (11 ) ¢ SLa(2Z/262).
We have a representative H in the family .% (G, B) given by
Hi=((3355), (¢ 38)) C GL2(Z/267Z).

The groups G and H have index 84 in GLz(Z) and have genus 5. The modular curve Xy has the canonical
model Cyy C ]P’f‘Q defined by the polynomials

f1 =x2X4 + X3%s5,
fy = —x% + X1X2 +X1X3 — X1X4 + X1X5 — X2X3 + X2X4 + X4X5,
f; = —x% + x% —X2X3 — X2X4 + X2X5 + x% —X3X4 + xﬁ + X4%X5 + x%.
Using our implementation, we find the curve C C Pf‘Q defined by the polynomials
] = —4xF 4 Tdx1%x2 + 6x1%3 — 26X1%X4 + 26x1%5 + 17x3 — 42x2%3
+ 5x2%x4 — 50%x2x5 + 27x§ + 24x3x4 + 21x3Xx5 + SXﬁ + 26x4%x5 + 5x§,
5 =4x? — 14x1x2 + 24x1x3 + 5x1%4 + 7x1%5 + 10x3 + 3x2%3
— T1xox4 + 8x2x5 + 6x3%4 — 24%3%X5 + x% — 17x4x5 — 11x§,
5 =6x3 — 21x1x2 + 29x1x3 + 4x1X4 + 7x1%5 + 15%3 + x2X3
— 13x2x4 + 5x2x5 + 2x3%x4 — 29%x3X5 — 2xﬁ — 15%x4%x5 — 13x§.

is isomorphic to Xg. The curves Xy and Xg are isomorphic over the number field K := Q(z) C Q({;82) with
the defining polynomial f(x) = x3 4+ 5x? + 6x — 1. The model Cy, is obtained from the cusp forms Sy 1 (see
§2) which is a Q-vector space of dimension 5. The agreeable closure § has index 28 in GLz(z) and G/G is
isomorphic to the cyclic group of order 3. Choose a generator o € Gal(K/Q), and g € §/G be its image under

& (see §1.3). The generator g of G/G acts on S, 1y (with respect to our choice of basis and generator) via the

matrix
1 0
0 0
M= |1 1
0 0
1 0 —1

The cocycle (which is a homomorphism) defining the twist Xg of Xy is given by the map & : Gal(K/Q) —
GL5(K), 0 — M. Hilbert 90 implies that & is a coboundary, and the matrix

| coco
co-o

0
0
0

1

1 —1 0 1 —1

2z—1 322—-8z—2 o 322-13z+11 2241
7 7 7 7
2z—1 —2z+41 —3224152—-12 2z—1 322822
A= 7 7 7 7 7
222—6z2—1 —2z%+62+1 3z22—62—3 222 —62—1 4z2—-15z+10
7 7 7 7 7

2228247 z2—7z+5
7

—42%24132—2 —22%+4+8z—7
7 7 7

0
satisfies &(t) = A~ '1(A) for all T € Gal(K/Q). Hence, A encodes how to pass between two Q-structures
defined on S; 1 ®g K corresponding to S, 1 and S ¢ allowing us to twist the curve Cy and obtain the curve
C.



1.6. Motivation. In [Maz77a], Mazur describes the following program which serves as motivation for
computing projective models of modular curves and for classification problems related to modular curves:

Mazur’s Program B. Given a number field K and a subgroup H of GL»(Z) = ]_[p GL;(Z,) classify all
elliptic curves E/K whose associated Galois representation on torsion points maps Gal(K/K) into H C GL,(Z).

Let Gy and G2 be the groups +pt, (Galg) and +pg,(Galg), where By and E; are elliptic curves with
j-invariants —7-11% and —7- 137320833, respectively. Note that these groups are well-defined up to conjugacy
in GL,(Z).

In [Zyw?22], it is conjectured that if G C GLz(Z) is an open subgroup with surjective determinant containing
—I, and if Xg has genus at least 54, and G is not conjugate to G; or G, in GLZ(Z), then Xg contains no
non-CM rational points over Q. Hence, conjecturally, explicitly computing the families of modular curves up
to genus 53, along with extending our algorithm to such families, allows us to compute a projective model for
any modular curve over rationals that contains a non-CM rational point (except Xg, and Xg, whose rational
points are understood).

Following the conjectures of Zywina, we suggest the following challenging program:

Program 1.6. One can consider the following steps to resolve Mazur’s Program B:
(1) Prove Serre’s uniformity problem.

(2) Classify all rational points on a finite number of special modular curves as described in Section 14 of
[Zyw22].

(3) Classify all congruence subgroups of SL,(Z) (in the sense of [CP03a]) up to genus 53 (or genus {3 as
in Lemma 14.7 in [Zyw22]).

(4) Compute all families of modular curves up to the genus mentioned in (3), in the sense of §4.
(5) Investigate the behavior of rational points on the mentioned families.

Note that there has been much progress towards proving Serre’s uniformity problem in which Serre asks
whether for all primes 1 > 37, the mod 1 representation pe,, is surjective or not. If the image is not surjective,
then E gives rise to a non-CM rational point on the modular curve Xg, where G is a maximal subgroup of
GL2(Z/1Z). Mazur [Maz78, Maz77b] completely described the cases where G is the Borel subgroup or one of
the exceptional subgroups of GL,(Z/1Z). Bilu, Parent and Rebolledo [BPR13] showed that when G is the
normalizer of split Cartan subgroup, then Xg has no non-CM rational points. The only remaining case is
the normalizer of non-split Cartan subgroups and the associated modular curves X;((1). Using Chabauty
methods, Balakrishnan et al. [BDM*19, BDM*23] determined rational points on X;;(1) for some small primes
L.

1.7. Related results. There is a lot of work on modular curves and Galois representations attached to
elliptic curves over Q. Here, we mention some recent related results.

In [Zyw22], Zywina describes a practical algorithm that computes the image of pg up to conjugacy in GLZ(Z).
Assuming some conjectures, they also give a complete classification of the groups pg (Gal(Q/Q)) N SLz(z).
The methods developed by Zywina to achieve this result include an algorithm to compute models of modular
curves Xg. They also introduce the notion of a family of modular curves and interpret their results in this
language. The notions and methods introduced by Zywina form an important basis for our work. In [Zyw24],
they describe an analogous algorithm that works for elliptic curves over number fields.

Rakvi [Rak24] has given a classification of genus 0 modular curves Xg over Q such that Xg = ]P(é), in terms
of families of abelian twists.

In [SZ17], the authors determine all open subgroups G of prime power level for which Xg(Q) is infinite.
This work also provides a classification for possible images of 1-adic Galois representations arising from elliptic
curves for almost all j-invariants.

In [RZB15], Rouse, Zureick-Brown give a classification of possible 2-adic images of Galois representations
associated to elliptic curves over Q. [BBH'25] completed the classification of 3-adic images of Galois
representations arising from elliptic curves, extending the work in [RZB15]. In [RSZB22], the authors
investigate the l-adic images for 1 =3,5,7,11. In [FL26], the authors reduce the complete 7-adic classification
to computing rational points on a single plane quartic. In [BFL26], for a non-CM elliptic curve E whose mod
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p representation has non split Cartan image, the authors describe the p-adic representation in terms of mod
p™ representation for certain n > 1.

In [MR25], Rouse and Mayle implemented an algorithm to provably compute the Q-rationals points on
modular curves Xg, which admits a non-trivial morphism to an elliptic curve of rank 0.

1.8. Implementation. The implementation of our algorithm can be found in the repository [Kar25].
https://github.com/eekarabiyik /twist

All computations are done in Magma [BCP97]. This repository also includes all families of modular curves up
to genus 12, relevant representative groups, and models. There are hundreds of thousands of such objects
and we are not able to express them in tables.

In Section 7, we describe our algorithm including the precomputation part. While the precomputation
part is computationally intense, it is only a one time computation and the rest of our algorithm is efficient.

1.9. Notation. Z is the profinite group obtained by taking the inverse limit of Z/NZ over all N € N. Similarly,
for 1 <M € N, Z, is the profinite group obtained by taking the inverse limit of Z/M3Z where s ranges over
N. There are natural isomorphisms

Zm %HZL and 2%]_[%

1M 1

where the product runs over the prime numbers 1. The reduction modulo N homomorphism Z — 7Z/NZ induces
homomorphism 7y : GLz(z) — GL2(Z/NZ). The level of an open subgroup G of GLZ(Z) is the smallest
positive integer N such that G is the inverse image of the reduction modulo N map 7y : GL>(Z) — GL3(Z/NZ)
ie, G= 7@1 (tn(G)). In this case, G is uniquely determined by 7N (G), we will often denote it by G as well,
when the level is understood. Similarly, the level of an open subgroup of GL;(Zm) is the smallest positive
integer N that divides a power of M and such that G is equal to the inverse image of its image under the
reduction modulo N map GL;(Zn) — GL2(Z/NZ). The levels of an open subgroup of SLz(i) and SL;(Zm)
are defined similarly.

For 1 <N € N, we let Gy be the image of G under the homomorphism GLz(i) — GL2(Zy) arising from
the natural projection map. We can interpret the level of G in GLz(Z) as the smallest positive integer N
for which we have G = Gy x H”N GL2(Z¢). We denote by G(N) the image of G under the homomorphism
GL(Z) = GL1(Z/NZ).

Unless stated otherwise, open subgroups G of GL,(Z) are assumed to satisfy det(G) = Z* and —I € G.

1.10. Overview of Part I. In §2, we review the background material on modular curves and modular forms.
In §3, we will discuss agreeable subgroups, define the agreeable closure of a subgroup G and discuss how to
compute it. In §4, we define a family of groups associated to a pair (G, B), denoted by % (G, B). In §5, we
prove the finiteness of agreeable subgroups of a fixed genus and use this to deduce our main theorem, that
modular curves over Q lie in finitely many families of abelian twists. In §6, we will describe the cocycles
arising from families .% (G, B), show that .# (G, B) is a family of twists of modular curve and describe how to
twist projective models of modular curves. In §7, we finally describe an algorithm for computing a model of
any modular curve Xg of fixed genus g.

2. MopuLAR FORMS AND MODULAR CURVES

The goal of this section is to state some well known facts about the theory of modular forms and introduce
modular curves. We will mostly use the language of [Zyw22]. For the rest of the section, let G C GL:(Z) be
an open subgroup. For any N divisible by the level of G, the projection 7y : GLz(i) — GL2(Z/NZ) gives a
group whose inverse image is the open subgroup G i.e., G = nﬁl (tn(G)). We will often abuse notation and
denote by G both the open subgroup of GL,(Z) and its image under my. Considering G as a subgroup of
GL,(Z/NZ), we let Tg be the subgroup of SL;(Z) consisting of matrices that are modulo N congruent to an
element of G N SL;(Z/NZ).


https://github.com/eekarabiyik/twist

2.1. Setting the stage. Let H be the complex upper plane. The group SL;(Z) acts on the extended complex
upper half-plane H* = H U Q U{oo} by linear fractional transformations. Fix a congruence subgroup I' of
SL,(Z) such that —I € I". For a positive integer N, define the primitive N-th root of unity (N = e*™/N in C.

The quotient X := MN3H* is a smooth compact Riemann surface [DS05, §2]. Let g be the genus of the
Riemann surface Xr. Let w be the width of the cusp oo, i.e. the smallest positive integer such that [ K VH erl.
Let g, := e2™T/W,

Let k > 0 be a natural number. For a meromorphic function f on H and a matrix y € GL;(R) with
positive determinant, we define the slash operator of weight k on f by (fliy)(T) := det(v)*/2(ct + d)~*f(yT1).
Let Py,..., P be the cusps of Xr. Let Qq,...,Qs be the elliptic points of Xr and denote their orders by
e1,...,es, respectively. Each e; is either 2 or 3. Let v; and v3 be the number of elliptic points of Xr of order
2 and 3, respectively.

2.2. Modular forms. A modular form of weight k > 0 with respect to T is a holomorphic function of H
such that fl,y = f for all y € ', and at the cusps it satisfies the usual growth condition. We denote the set of
modular forms with respect to I' by My (T'). It is a finite dimensional complex vector space. Let f € My (T") be
a modular form. We have a unique g-expansion of f (at the cusp co) given by

(1) =) an(f)ql
n=0
where a, (f) € C. The spaces of modular forms of different weights k form a graded C-algebra denoted by
Rr := P My (I).

k>0

The graded ring Rr is finitely generated as a C-algebra. One can focus on modular forms f whose g-expansion
(at the cusp oo) has coefficients in a certain subring S of C, which we denote by M(T,S). It has a natural
structure as an S-module.

In particular, consider the principal congruence subgroups I'(N) given by

F(N)::{ {S IC’J € SL,(2) ‘ a,d=1(modN) ¢,d = O(modN)}.

The Q({n)-vector space My (I'(N),Q(¢n)) will be of special interest to us.

2.3. Modular forms and differential forms. Fix an even integer k > 0. Take any modular form f € My (T).
By definition, f satisfies f(yT) = (ct+ d)*f(t) for all v € T, which is equivalent to f(yt)d(yt)*/? = f(1)(dT)*/2.
Therefore, f gives a differential form

k/2 , o k/2
/2 _ w n dqiw
(2.1) f() (dT)*/% = (7(2711)) <;an(f) qw>( T )

on H and this induces a meromorphic differential k/2-form wy, associated to f, on Xr. For details, see
[DS05, §3.3].
Let Dy be the divisor

(2:2) D k/2:Pet Y [k/2-(1—1/e))] - Qi
i=1 i=1
of Xr, it is supported on cusps and elliptic points [Zyw22, §4.4]. For any modular form f € My (T'), we
have div(ws) + Dy > 0. This defines a map of complex vector spaces

Yic: M (T) — HO(Xr, Q' (Dy)®F/2).

sending f to wy.

Moreover, any differential form in HO(Xr, Q' (Dy)®*/2) pulls back to a differential form f(t)(d(7))*/? on H
as in (2.1). The form f is holomorphic and satisfies the growth conditions at cusps (due to being in the space
HO(Xr, Q'(Dy)®*/2)). Therefore, the map 1y is an isomorphism of vector spaces.
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The groups T' that we consider contain —I, which means that My (T') = 0 when k is odd. Combining the
isomorphisms Py for even k € N, we get an isomorphism of graded C-algebras:

¥ Re = G HO(Xr, Q' (D)%),

k>0

2.4. Actions. Fix positive integers k > 1 and N. The principal congruence subgroup I'(N) is normal in
SL,(Z) and the weight-k operator gives a right action of SL,(Z/NZ) on My (T(N)). Let =Y, an(f)qy
be a modular form in My (TI'(N)). Let o be a field automorphism of C, it acts on the coeflicients of f and gives
rise to a unique weight-k modular form o(f), i.e. the g-expansion of o(f) is given by > *_, o(an(f))qY.

Consider the isomorphism (Z/NZ)* = Gal(Q({n)/Q), d + 04, where 04(in) = C&. The following lemma
gives an action of GL;(Z/NZ) on My (I'(N),Q({n)) viewed as a Q-vector space.

Lemma 2.1. There is a unique right action * of GL;(Z/NZ) on My (T(N),Q({n)) such that the following
hold:

e if A € SL,(Z/NZ), then f* A = fl,y, where y is any matrix in SL,(Z) that is congruent to A modulo

N,
e if A=(}9), then fx A = oq(f).
Proof. See [BN19, §3]. O

Combining the action of Lemma 2.1 for all k, we get a right action x of GL;(Z/NZ) on the graded Q-algebra
D0 Mk(T(N),Q(Cn))-

2.5. The spaces My . Fix a positive integer N. Let G be a subgroup of GL;,(Z/NZ) such that det(G) =
(Z/NZ)*. Define the Q-vector space
Mi,6 = Mk(T(N), Q(Cn)) €,
i.e. the subspace fixed by the G under the action  from Lemma 2.1. Note that My g € My (I'(N), Q(qn))SMSL2(2/NZ) —
Mx (T, Q(CN))-
Tensoring My, ¢ with Q(¢n) and C give natural isomorphisms.

Lemma 2.2. The natural homomorphisms

My, ¢ ® Q(In) = Mx(T6,Q(Cn))  and My g ®g C — My (Tg)

are isomorphisms for k # 1.
Proof. See Lemma 4.5 in [Zyw22]. O

2.6. Modular curves. Let G be a subgroup of GL;(Z/NZ) that satisfies det(G) = (Z/NZ)* and —I € G.
We have defined the Q-vector spaces

MG = Mi(T(N), Q(¢n)) €.
Note that when —I € G, My g is trivial for odd integers k. Consider the graded Q-algebra @y, o My G-

Definition 2.3. The modular curve Xg associated to group G is the Q-scheme Proj(r_, Mk,c). For open
subgroups G C GL,(Z), the modular curve Xg is defined using the image of G under the natural projection
m: GL2(Z) — GL2(Z/NZ) where N is divisible by the level of G. This definition is independent of the choice
of N

Remark 2.4. The modular curve Xg is a smooth, projective and geometrically irreducible curve over Q. .

When G = GLz(i), we have Xg = Proj(%_, Mx,c) = Proj(Q[E4, E¢l). Its function field is Q(j), where

4

j= ng?) is the modular j-invariant. The first few terms of the g-expansion of j is given by
4 6

i(t) = q~ " 4 744 + 196884 q + 21493760q> + 864299970q> + - - -

We can identify Xar, () With I% coordinate j. It is commonly called as the j-line.

Let G C G’ € GL2(Z) be open subgroups. There is an inclusion My g € My, g, and so there is an induced
map of curves Xg — Xg/. When G’ = GL;(Z), we obtain the absolute j-map 7: Xg — I%,.
9



2.6.1. Compatibility with other definitions. Consider the space of modular forms My (T'g) as in §2.2. It is a finite
dimensional complex vector space. The map Wy shows us that My (T'g) is isomorphic to HO(Xr,, Q' (Dy)®*/2),
the global sections of the line bundle Q' (Dy)®%/2 on the Riemann surface Xr.. Let’s consider the graded
ring Rrg := Dy>0 Mk(l'g). The graded C-algebra Rr, is isomorphic to the ring of sections of the line bundle
Q'(Dy), and since this line bundle is ample we have Proj(Rr,) = Xr, where the latter is viewed as a scheme
over C [VZB22, §1.1].

Similarly, the graded ring R := Proj(@y._, Mk,c) is finitely generated over Q. Lemma 2.2 shows that
tensoring R with C gives the ring Rr,. Using this equality we identify Xg(C) with Xr,. Base changing the
map 7: Xg — P, to C, we obtain the complex projection map Xr, — Pf.

Let X be defined as in [Zyw22, §3.3], which is defined by explicitly describing its function field. Let
Ly = Q' (Dy), the invertible sheaf on the Riemann surface Xr, where Dy is the divisor defined in equation
(4.3) in loc. cit. The divisor Dy is defined over Q, so we can view it as a divisor on Xg. Define the invertible
sheaf % = Q'(Dy) on Xg, which gives rise to £y on Xg(C) = Xr,. Between the global sections of £y and
%, we have the inclusion HO(DCG,fk) C HO(XrG , L) =~ My (Tg). In particular, it is shown that the map 1y
induces an isomorphism

M. — H°(Xg, Z).

Since % is an ample invertible sheaf on Xg, there is an isomorphism Proj(@y._, Mk,c) = Xg. Hence, our
definition is compatible with Zywina’s definition.

2.7. Models of modular curves. In this section, we briefly describe how to compute projective models of
modular curves, as explained in [Zyw22, §5]. This method uses explicit g-expansions of modular forms in
M.

Let G be as above, and let N be a positive integer divisible by the level of G. Let X, be the Riemann
surface associated to ' which we identify with Xg(C). Let Pq,---,P; be the cusps of Xg(C), which are
defined over Q({n). Let E = Zir:1 eiP; be a divisor on X¢ defined over Q with e; > 0. Let g be the genus of
the curve Xg, and let vp(f) be the order of vanishing of a meromorphic function f at P € Xr,. Define

Vi={f e My :vp(f) > e foral T<i<<rh

Assume dimgV =d+1 > 2 with d > 1, and let fo,---,fq be a basis of V over Q. One can compute such a
basis by computing Eisenstein series and multiplying them [KM12], [Zyw22, Algorithm 4.14]. Note that the
quotients f;/f; are rational functions of Xg. The modular forms fo,--- ,fq define a morphism

@: Xg = P§

via @(P) = [fo(P),...,Ta(P)] for all but finitely many P. Up to an automorphism of IP’&, the map ¢ does not
depend on the choice of basis. Denote the image of Xg under ¢ in IP& by C. Let I(C) C QIxo,...,xq] be the
homogeneous ideal of C. There is an algorithm to compute a basis for each graded part I(C), [Zyw22, §5.3].

Let F := % (—E) be the invertible sheaf associated to divisor E on Xg. The map ¥y : My,g — H°(Xg, %)
restricts to an isomorphism between V and H°(Xg,J) as Q-vector spaces. The degree of the invertible sheaf
L isk/2-(29g—2)+k/2-v+4 |k/4]va + |k/3] - v3 where v, and vs are the number of elliptic points of Xg(C)
of order 2 and 3. The degree of F is given by

(2.3) degF =deg A — Y ei=k/2-(29—2)+k/2-7+ [k/4] -v2+ [k/3] - vs— ) ei

i=1 i=1

2.7.1. Getting the model for Xg. First, assume g > 3. In this setting we can choose the divisor E =) [_; Pi,
and hence compute the canonical map ¢: Xg — I[”éf1 (for more details on the canonical map refer to [Zyw20]).
If X is not geometrically hyperelliptic, then this map is an embedding and C = ¢(Xg) is a curve isomorphic
to XG .

Consider the general case. Note that if degF > 2g + 1, the Riemann-Roch theorem implies that F is very
ample, so the map ¢ is an embedding and C is isomorphic to Xg as the homomorphism

n: Qlxo, - ., xal/I(C) = €P HO(Xg, F*M)
n=0
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defined by x; — P (fi) is an isomorphism of Q-algebras [Mum70]. We can choose the even integer k > 2 large
enough and choose the divisor E = Y {_; e;P; suitably to ensure that degF > 2g + 1. In this case, the map ¢
is an embedding and C := ¢(Xg) is isomorphic to the modular curve Xg.

2.7.2. Actions on the embedding C. Let § C GL3(Z) be a group such that G is a normal subgroup of §. One
can choose the divisor E suitably so that G acts on V and deg % (—E) > 2g + 1 at the same time. The action
of §/G on My, ¢ then induces automorphisms of the embedding C C IP’&“, defined over QP, which extend to

automorphisms of IF’&“ .

3. AGREEABLE SUBGROUPS

In this section, we describe the agreeable subgroups of GLZ@). They were first introduced in [Zyw22] and
were studied more generally in [Zyw24]. We will mostly follow their exposition.

Definition 3.1. We say that a subgroup G of GLz(z) is agreeable if it is open in GLz(z), satisfies det(§) = ZX,
contains the scalar matrices Z* - I, and the levels of § in GL,(Z) and §N SL;(Z) in SL,(Z) have the same
odd prime divisors.

Fix an open subgroup G of GLz(z) such that det(G) = Z* and -1 € G. In general, G will not be an
agreeable subgroup. Associated to G, there is a unique minimal agreeable subgroup that contains G.

Proposition 3.2. Let G be an open subgroup of GLZ(Z) with det(G) = 7*. Let N be the product of primes
that divide the level of [G, G] in SL,(Z). Define the subgroup

(3.1) §:= (2% - Gn) x | [ GLa(Ze)
N

of GLZ(Z). Then § is the unique minimal agreeable subgroup of GLZ@)7 with respect to inclusion, that
satisfies G C §. We have [G, G] =[G, §] and hence G is a normal subgroup of § with §/G finite and abelian.

Proof. This is Proposition 8.1 in [Zyw22]. O

Definition 3.3. With notation as in Proposition 3.2, we define the agreeable closure of G as the agreeable
subgroup §.

Remark 3.4. Note that the integer N in Proposition 3.2 is even, because the commutator subgroup G always
has even level. The group G contains the group G and the scalar matrices Z* - I. The scalar matrices are
contained in the center of GL;(Z) so Gn and Z]ﬁ - GN have the same commutator subgroups.

3.1. Constructing the agreeable closure. The statement of Proposition 3.2 suggests that the level of
[G, G] needs to be known to compute the agreeable closure § of G. Unfortunately, computing the commutator
subgroup of G can be unfeasible, especially if the level of the group is large or contains large prime factors.
However, we can relate the levels of [G, ] and §N SLZ(Z) in SLZ(Z).

Lemma 3.5.
(i) For an odd prime {, we have Gy = GL2(Z,) if and only if §¢ = GL2(Z).

(ii) The levels of [G, 5] and §N SLy(Z) in SL,(Z) and the level of G in GL;(Z) have the same odd prime
divisors as N.

Proof. This is proven in [Zyw22, Lemma 8.3]. O

Using the Lemma 3.5, one can find the prime divisors of [G, G] from the level of G N SLZ(ZJ in SLZ(Z).
The latter is significantly easier to compute.

Lemma 3.6. Let G C GLz(Z) be an open subgroup with full determinant. Let B := G N SLZ(Z). Then the
level of [G, G] and level of B in SL,(Z) have the same odd prime divisors.

Proof. The inclusion [G, G] C B implies that the level of B divides the level of [G, G]. Let § be the agreeable
closure of G. Since G C G, the level of N SL;,(Z) divides the level of B. The Lemma 3.5 implies that the level
of [§,8] =[G, G] and G N SL,(Z) in SL;(Z) have the same odd prime divisors. Therefore, any odd prime ¢{

that divides the level of [G, G] = [G, 9] also divides the level of SL,(Z) NG and consequently the level of B. [
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Proposition 3.7. Let G be an open subgroup of GLZ(Z). Let G be the agreeable closure of G. Then
§=9n x | [ GLa(Ze) = (Z% - Gn) x [ [ GLa(Ze)

YN YN

where N is the least common multiple of 2 and the radical of the level of B=Gn SLZ(Z) in SLz(z). If G has
odd level, then so has G.

Proof. By Lemma 3.6, the levels of B and [G, G] have the same odd prime divisors in SL,(Z). From the
construction of the agreeable subgroup G the assertion follows.

Since G C G, the level of G in GL,(Z) divides the level of G in GL>(Z). Therefore, if the level of G is an
odd integer, so is the level of G. |

4. FAMILIES OF MODULAR CURVES

In this section, we define the families of groups that we use in our classification and collect some results
about them. Later in §6, we will show that these families of groups correspond to families of modular curves
in a natural way.

Let § be an agreeable subgroup of GLz(z). Fix a subgroup B of G satisfying [§,5] CB C SN SLz(Z).

Definition 4.1. The family of groups associated to the pair (G, B) is the set .% (G, B) of subgroups H of §
that satisfy det(H) =Z* and HN SL;(Z) = B.

Assume that % (9, B) is nonempty. Fix a group G € % (G, B). We know that G is an open subgroup of
G. Since [G, 9] C G, we have that G is a normal subgroup of G, and the quotient §/G is finite and abelian.
Consider any continuous homomorphism vy: Z* — §/G. Define the group

Gy ={ge§G:g9-G=vy(detg)}

Lemma 4.2. [Zyw22, Lemma 14.2] With notation as above, the set .% (G, B) consists of the groups G, with
v:Z* — §/G a continuous homomorphism.

Proof. First take any y. We have G, N SLz(i) =GN SLz(z) = B. The natural map (§N SLz(z))/B —G/G is
an isomorphism since G N SL,(Z) = B and det(G) = Z*. Using this isomorphism, we find that det(G,) = A
Therefore, G, € .# (9, B).

Conversely, take any H € .%#(G,B). The quotient map H — §/G induces a homomorphism f: H/(H N
SLz(z)) — G/G since HN SLZ(Z) =B=Gn SLZ(Z). Let v: Z* — G/G be the homomorphism obtained by
composing the inverse of the determinant map H/(H N SLZ(Z)) 2 Z* with f. For each h € H, we have
h-G = y(deth). Therefore, H C G,. Since H and G, both have full determinant and have the same
intersection with SLZ(Z), we conclude that H = G,. O

Let N be the least common multiple of the levels of G in GLZ(Z) and B in SLZ(Z). We define N7 :=N if N
is odd and Ny :=1lcm(N, 8) if N is even. Then

Theorem 4.3. Let S be the 2-power torsion subgroup of ZY. Then the following are equivalent:
(1) There is an open subgroup G C § with G N SL,(Z) = B and det(G) = Z*.
(2) There is a homomorphism $: S — Gn/Bn such that det(B(a)) = a for all a € S.
(3) There is a homomorphism f: S — G(N;)/B(Ny) such that det(B(a)) = a (modNy) for all a € S.

Moreover, if a group G, as in (1) exists, then there is such a group whose level divides a power of 2 times N.
Proof. This is a special case of [Zyw24, Theorem 4.5] with U = 7. O

Theorem 4.4. Take G,H € .%(G,B). Then

(1) Xg and Xy have the same genus.

(2) [GL2(Z) : Gl = [GL(Z) : HI.
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Proof. (1) First note that I'g = N'y. Since Xp(C) and Xg(C) are both isomorphic to Xr, as Riemann surfaces.
The assertion follows.
(2) Since G and H both have full determinant, we have that [GL2(Z) : G] = [SL2(Z) : B] = [GL,(Z) : HI.
Therefore, G and H have the same index in GL,(Z).

O

For an open subgroup G C GLZ(Z), there is a natural choice of family for G.

Corollary 4.5. Let G be an open subgroup of GLz(i) with full determinant, and let B =GN SLz(z). Let G
be the agreeable closure of G. Then G € % (9, B).

Proof. We have G C §. Since the commutator subgroups of G and § agree (Proposition 3.2), we have
[S,9] = [G,G] € B € §NSLz(Z), implying that G € #(S,B). u

Remark 4.6. An open subgroup G may lie in more than one family. However, Corollary 4.5 suggests a
canonical choice of family that contains G, i.e., the family .%# (G, B) where § is the agreeable closure of G and
B=Gn SLZ(Z). We have a description of § that depends on G and B. In particular, one can easily compute
the group § and subsequently identify the family .% (G, B) which contains G.

4.1. Translating continuous homomorphisms: Let .7 (G, B) be a non-empty family of modular curves.
Fix a group G € #(G,B). For any continuous homomorphism v : Z* — G/G, there is a twisted group
Gy € #(G,B) defined as in Lemma 4.2. Conversely, if H € .#(G,B), Lemma 4.2 shows that H = G, for a
unique continuous homomorphism vy : Z* — G/G.

Let G, € .#(9,B) where v : A G/G is a continuous homomorphism and let W = §nN SLz(z). The
natural map W/B — G/G, is an isomorphism. Let f, : §/G, — W/B denote the inverse of this isomorphism.
More specifically, if G, € §/G, with det(g) = d, then f,(gG,) = tgB where t € G, is a matrix that satisfies
det(t) = d~'. The isomorphism f, is independent of the choices of t. When 7 is the trivial homomorphism,
we define f :=f,.

Let o : Z* — §/Gy be a continuous homomorphism. Twisting G, with o one obtains a group (Gy)«-
Since (Gy)q lies in .# (G, B), it is of the form Gy, for some continuous homomorphism ¥ : Z* — §/G. We
characterize 1 in terms of y and «.

Lemma 4.7. With notation as above, we have (Gy)«x = Gy, where 1 : A G/G is defined by U¥(d) :=
Y(Q)f 1 (fy (ee(d))) for d € Z*.

Proof. By definition, we have
Gy ={g€G:g-G=p(detg))
and
(Gyla={g€9:9-Gy = afdet g)}.
We check that these two groups are the same. Let g € (G, )« and let d = det(g). We have

Y(d) =v(d) - ' (fy(a(d))) =v(d) - (tg)G

where t € G, with det(t) = d~'. Note that, t satisfies y(det(t)) = tG so we have y(d) = y(det(t~")) =t~ 'G.
Therefore,
P(d)=t"'G-tgG = ¢G
showing that g € Gy and (Gy)x € Gy. Since (Gy)x N SLZ(Z) =Gy N SLZ(Z) and both groups have full
determinant, we have (G, )y = Gy.
O

By Lemma 4.7, we have a map T : Homcts(ix, §5/Gy) — Homcts(zx, §/G) defined by T, (x)(d) =v(d) -
f~1(fy(«(d))) and satisfying Ge, (a) = (Gy)a, where Homcts(iX ,§/G) denotes the continuous homomorphisms
from Z* to G/G.

Let v; and vy, be two continuous homomorphisms 7x — G/G. Let y1v2 be the product homomorphism.
The Lemma 4.7 implies that

Gy,v. = (Gy, )Tﬂ (viv2)®
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Moreover, T;]] (Y1y2) is easily computable by multiplying y;v2 by %71. If welet §/G~Z/p]'ZX...xL/pZ
for some primes py,...,ps, we see that any continuous homomorphism 6 : Z* — G/G can be written as a
product of homomorphisms whose image is a cyclic group of prime power order. Using this fact, for certain
computations we will restrict our attention to continuous homomorphisms Z* — G/G that factor through
A Z/pZ = G/G for a prime number p and a positive integer .

5. FINITENESS OF AGREEABLE SUBGROUPS

Fix a non-negative integer g. In this section, we recall a result from [Zyw24] that there are finitely many
agreeable subgroups up to conjugacy, of genus less than or equal to g. We will also describe a method for
computing all such agreeable subgroups. We first start by making some observations.

Let G be an agreeable subgroup of genus at most g. Let H:=Gn SLZ(Z); it is an open subgroup in SLz(Z).
Let N be the level of H in SL,(Z). The associated congruence subgroup ' := HN SL;(Z) agrees with the
congruence subgroup of level N consisting of elements in SL;(Z) whose image modulo N lies in H modulo
N. Similarly we have that —I € T'g, and ' has genus at most g. In particular, Cummins-Pauli [CP03a]
asserts that there are only finitely many congruence subgroups of SL;(Z) of genus less than g and contain
—I. All such congruence subgroups of genus at most 24, up to conjugacy in SL,(Z), are given in the [CP03D]
database.

In the proof, we will reverse this process and explain how to obtain the finitely many agreeable subgroups
up to genus g arising from a congruence subgroup I' of genus at most g. We start with a lemma.

Theorem 5.1. There are finitely many agreeable subgroups of GLz(i) with genus at most g.

Proof. Fix a genus g and fix a congruence subgroup I' that has genus at most g and contains —I. There are
finitely many such congruence subgroups. Consider the corresponding subgroup of SLz(Z) which we call H.
The level of H is equal to the level of T, which we call N. In particular H is the subgroup of SL,(Z) whose
image modulo N is equal to I' modulo N.

We first determine how the level of an agreeable subgroup G C GLz(z) such that G N SLz(z) = H relates
to the level of H. Let N :=2-lem(N,12).

Lemma 5.2. Any agreeable subgroup G C GL,(Z) with G N SL;(Z) = H has level dividing Nj.

Proof. See [Zyw24, Lemma 5.1].
O

Let T and H be as above. Assume G C GL;(Z) is an agreeable subgroup with G N SL(Z) = H. By
Lemma 5.2, the group G has level dividing N7, so G corresponds to a subgroup G of GL,(Z/N;Z) such that
G N'SL,(Z/N1Z) = H where H denotes the reduction of H to modulo Ny. There are only finitely many such
subgroups of GL(Z/N;Z), so only finitely many agreeable subgroups of GL;(Z) arise from a fixed congruence
subgroup T'. Since there are finitely many congruence subgroups I' of genus less than g that contain —I, we
conclude that there are finitely many agreeable subgroups with genus less than g. |

5.1. Computing agreeable subgroups. We explain how to explicitly compute all agreeable subgroups of
GLZ(Z) of genus at most g. Let " and N; be as in the proof of 5.1. We first directly search in GL,(Z/N1Z)
for subgroups G with (Z/N1Z)* -1C G, det(G) = (Z/N1Z)*, =1 € G and G NSL(Z/N;Z) = H. These groups
give rise to finitely many, potentially agreeable, subgroups G C GL5(Z) such thaAt G N SL,(Z) = H. For each

such G, we then check if it is an agreeable subgroup, i.e., if its level in GL;(Z) has the same odd prime
divisors as the level of § N SL,(Z) in SL,(Z).

We are ready to state the first part of Theorem 1.5 in terms of families of groups.
Theorem 5.3. Fix a non-negative integer g. There are only finitely many families of groups of genus g.

Proof. By Theorem 5.1, there are only finitely many agreeable subgroups of GL;(Z) up to a fixed genus g.
We denote this set by <7y, which is stable under conjugation in GLz(z). For each agreeable subgroup § € 7,
the groups [G,5] and §N SL,(Z) are open subgroups of SL;(Z), hence there are only finitely many subgroups
B of § such that [G,5] C B C G SL,(Z). Combining the finiteness of agreeable subgroups G of genus at most
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g and the finitely many subgroups B arising from G, we obtain a finite set of pairs (G, B;) and associated
families .% (G, Bi).

Let G be an open subgroup of GL;(Z) of genus g with full determinant and —I € G. By Corollary 4.5, G
lies in the family .#(G,B) where B=Gn SLZ(Z) and G is the agreeable closure of G. The agreeable closure
G has genus at most g and so it is in the finite set «7;. Hence, .#(G, B) is among the finite set of families
% (51, Bi) and these families cover the set of all open subgroups G C GLZ@) of genus g with full determinant
and —I € G. O

6. TWISTING MODULAR CURVES

We have stated in §1.3 that a family of groups % (G, B) corresponds to a family of twists of modular curves.
In this section, we will describe the spaces of modular forms My g as we vary G in a family .#(9,B) and,
consequently, describe how to twist the modular curves Xg.

6.1. Twisting spaces of modular forms: Fix a nonempty family .%# (G, B) and a group G € .%# (G, B) such
that G is the agreeable closure of G. Let Xg be the modular curve associated to G, and let 7tg,g : Xg — Xg
be the morphism coming from the inclusion G C §. We start with a definition:

Definition 6.1. A S—twist of (Xg,7g) is a pair (Y,7) where Y is a curve over Q, with a morphism 7:Y — Xg
defined over Q, such that there is an isomorphism f: (Xg)gar — (Y)ga» that satisfies mo f = mg,g. We call
the pairs (Xg,mg,g) and (Y, ) isomorphic, if there is a §-twist with f defined over Q.

The group G is a normal subgroup of §. The latter acts on My ¢ for all k > 0 via the * action of Lemma
2.1. By definition, G acts trivially on My, g so there is an action of §/G on My g. Consequently, 5/G acts on
Xg by Definition 2.3. The degree of ng,g is |G/Gl, therefore we have Aut(Xg/Xg) = §/G where Aut(Xg/Xg)
is the group of automorphisms f of the curve Xg that satisfy ng,g o f = mg,g. Note that these are modular
automorphisms, and since there is a natural isomorphism §/G ~ (G N SLZ(Z))/B, the automorphisms in
Aut(Xg/Xg) are defined over Q.

Let v : 7% —§ /G be a continuous homomorphism. By precomposing with the cyclotomic character xcyc
we obtain a homomorphism

£ := 7 0 Xeye : Gal(@*"/Q) — §/G = Aut(Xg/Xg).
In particular, & is a 1-cocycle of Xg.

Lemma 6.2. There is a bijection between isomorphism classes of §—twists of Xg and H' (Gal(Q*"/Q), Aut(Xg /Xg)).

Proof. Let (X,7x) := (Xg,7g), and let (Y,7ty) be a G—twist of (X,7x). So there is an isomorphism f : Xgan —
Ygav such that 7y o f = 7x. Let &: Gal(Q?P) - Aut(X,mx) be defined as &5 =~ o o(f). One can check that
£ is a 1-cocycle. We have mx 0 &, = mx o ! o0 o(f) = 7y 0 0(f) = o(my o f) = o(mx) = 7x, because 7x and 7y
are defined over Q. We define the map A such that A((Y,7ty)) = [&].

Let’s first show that A is well defined and does not depend on the choice of the isomorphism. Let
g : Xgab — Yga» be another such isomorphism. Then f~' o o(f) and g~ o o(g) are cohomologous, so the class
of the cocycle is well defined.

Let Y and Z be two curves that are isomorphic over Q with a map h:Y — Z such that mz o h = 7ty. Then
we have an isomorphism hof : Xgan — Zgas satisfying mz ohof = mx. Looking at associated cocycles, we have
(hof) 'oo(hof)=f Toh 'oo(h)oo(f) =f ' oo(f) because h is defined over Q. So, the [¢] is independent
of the Q isomorphism class of Y.

Let &7 and &, be two cocycles that are cohomologous corresponding to Y; and Y,. This means that there
is T € Aut(Xg/Xg) such that &;(c) =T ' 0&;(0) oo(T). Then f,0To ff] : Y7 — Y3 is an isomorphism defined
over Q, proving the injectivity of A.

To show surjectivity, let [£] be a class in H' (Gal(Q*"/Q), Aut(Xg,Xg)). By Galois descent, we have a nice
curve Y over Q with an isomorphism f : Xga» — Yga» where o — f~1oo(f) is cohomologous to & [Ser02, Chapter
I11, Proposition 5]. Precisely this means that there is T € Aut(Xg/Xg) such that =" o o(f) = T~ 0 &5 0 o(T).
Set g =foT~'. We have g~ ' 0 0(g) = &,. Define my := mx 0 g~'. Note that we have mx o0 £, = mx. Let
P € Ygan let Q =g ' (07 '(P)) and P’ := ¢~ (P). We have

o(my)(P) = a(mx(g~ ' (P)))
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7tk is defined over Q so
o(mx) (g~ (P) = mx(o(g™ " (P")) = mx(a(g~")(P))
which is equal to
nix(E5' 0 g (P)) = mx(g~ ' (P)) =y (P).
Hence my = o(mty) and (Y, 7ty) is the associated G-twist of X.
O

Let v : Zx — G/G be a continuous homomorphism and let & : Gal(Q**/Q) — §/G = Aut(Xg/Xg) be the
associated cocycle by precomposing with the cyclotomic character. Twisting via this cocycle, we get a G-twist
((Xg)g s (mg,6)e). We prove that ((Xg); , (mg)e) is isomorphic to (Xg,,7g, ), where Gy is the group defined
in §4.

Observe that G N SLz(z) =G, N SLz(z) = B. Hence, from the definition of My g in §2, we have the
following equalities

My s = My,g ®g Q%" = My g, ®g Q.

Let g € G be an element and let o € Gal(Q*?/Q) be such that Xcyc(0) = det(g). The group § acts on
Mi, G ®qg Q* where g sends f ® ¢ to (f * g) ® o(c).

Denote by cf, the element f ® ¢ € My g ®g Q*P. We define twisted action of Gal(Q*/Q) on My, g ®g Q*"
by o e (cf) := o(c)(&s(f)) where &5(f) denotes the action of §/G on My ¢ via the cocycle. For each k > 0, we
define the twisted space (My,g): by

(Mi,g)e = {f € My.g @0 Q* | o e f = f for all o € Gal(Q*’/Q)}.

Restricting the action of § to G and G, we obtain the induced actions of G/B and G, /B on My, g ®g Q.
Composing these with the isomorphisms

@1: Gal(Q®P/Q) — 7 4, G/B

and
ab Hx det”!
¢@2: Gal(Q**/Q) - Z* —— G,/B
we get two different Galois actions of Gal(Q*’/Q) on My, ¢ ®g Q2P and hence on My B.
It is important that the action e of Gal(Q*/Q) and the action of G, /B on My,g ®g QP are compatible in

the following sense.
Lemma 6.3. If 0 € Gal(Q*/Q) and g € G, with det(g) = Xcyc(0) then o e f=fxg for all f € My, g ®¢ Q.

Proof. Let cf :=f®c € My,c ®p Q*. We have o e (cf) = o(c)(&s(f)) = (£6(f)) ® o(c). Let g be as in the
statement of the lemma. Then we have that

& =v(det(g)) = G

in §/G.
Hence (cf)xg=o0(c)(f*xg) =fxg®o(c) =&x(f) ® o(c) = o e (cf). |

Theorem 6.4. Let vy : A §/G be a continuous homomorphism. Let & =y o X¢yc : Gal(Q?/Q) — §/G be
the associated cocycle. Then (My g)e = Mg, -

Proof. Let f € My g,. Then for all o € Gal(Q*/Q) and g € G, such that det(g) = Xeye(0), we have
oef=fxg=f, which implies that f € (My,g)z.

For the converse, let f € (M, g)z. Then for all g € G, and o € Gal(Q*/Q) such that det(g) = Xeye(0), we
have f+g=ocef=1f. Hencefec Mg, O

The action e on My, g ®g QP induces an action of Gal(Q*"/Q) on the Q*P-algebra @y, My ¢ ®g Q*P.
We define
(Re)z = P (M6 )e.
k=0
We immediately get the following:

Corollary 6.5. With notation as above, the pair (Xg,,7g, ) is isomorphic to ((Xg)e, (7g)e).
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Proof. By definition, we have Xg, = Proj(@;_, Mx,c, ), where the nonconstant map g, is induced by the
inclusion My g, € My g. The G-twist ((Xg)e, (7 )¢) is isomorphic to (Proj((Rg)e), ), where 7t is induced by
the inclusion (My,g)g € My, g. Theorem 6.4 implies that these two pairs are isomorphic. O

We conclude from Corollary 6.5 that our family of groups .% (G, B) in fact corresponds to a family of abelian
twists of modular curves, i.e. it consists of curves of the form Xg, =~ (Xg)e.

We denote by .#4 the finite collection of families of modular curves of genus at most g arising from the
agreeable subgroups 7. This collection has been explicitly determined for g = 24 [Kar25].

6.1.1. Getting a basis for My g, . Assume that, using the methods described in §2.7, we have an explicit
basis B = {fy,---,fq} for My g. In particular, one can use Eisenstein series of weight 1 to compute such a
basis, cf. [KM12] and [Zyw22, Algorithm 4.14]. The group §/G is finite and abelian. It also acts on My, g via
Q@-linear automorphisms. We can compute the action of any gG € §/G on the basis B and get a matrix in
GLg44+1(Q). Hence, for any 1-cocycle & : Gal(Q*P/Q) — /G, we get a related cocycle

£ :Gal(Q*/Q) — GL441(Q).

By Hilbert 90, H' (Gal(Q??/Q), GLq4.1(Q?P)) is trivial so there exists a matrix A € GLg.1(Q?) such that
£(0) = A~ To(A) for every o € Gal(Q*/Q).

Let f € My, g be a modular form. Let v be its corresponding coordinate vector with respect to the basis
B. Consider the modular form g € My g ®q Q2P with the coordinate vector v- A~ e (Q*P)4+1. The o
action on My g ®q Q2P gives an action on the vector space (Q2P)4+! with respect to the basis B. For all
o € Gal(Q?P/Q), we have that

ce(v-A ") =(cev)-c(A ) =v-&;-0(A ) =v- A" To(A)o(A ) =v- A"

Hence, the modular form f, := g with the coordinate vector v- A~ is a modular form in My, g, . Applying
the matrix A~' on the basis B, we obtain a set of modular forms B’ which forms a basis of My G, -

6.2. Twisting the models of modular curves. Assume that we have an explicit smooth projective model
C C Py, for Xg, obtained from a very ample sheaf as in §2.7, where G € #(G,B). The model C arises
from linearly independent modular forms fo,...,f; € V C My g as explained in §2.7. The Q-vector space
V is chosen so that there is an action of §/G on V. In particular C is defined by Fy,...,Fs € Qlxo,..., %]
where Fi(fg,...,f;) = 0. Let vy : 7% — §/G be a continuous homomorphism and let & = vy o Xcyc. Let
(F)e = Fi((x0y...,xs) - AT).

Theorem 6.6. Let I be the ideal I C Q*[xo,...,%,] generated by (F)¢,...,(Fs)s. Let C’ be the curve given
by the zero set of I. The ideal I is defined over Q and the curve C’ is isomorphic to the twist of C by &. In
particular, C’ is a projective model of Xg, .

Proof. First, observe that £, is an automorphism of X¢ defined over Q and so that each £(o) is an automor-
phism of the model C of the modular curve Xg. The map & is a group homomorphism and (o) fixes the
polynomials F; fori=1,...,s.

Let B :={fo,...,f } be the basis of V as above. Applying A~' to the basis B as in 6.1.1, we get a basis
B’ for a vector space V, which is acted on by §. The space V, is associated to a sheaf JF, on Xg, which
is very ample. The polynomials (F;)g satisfy the basis B’, so C’ is isomorphic to Xg, over Q and the ideal
((Fi)z) € QIxo,...,xy] is defined over Q. O

6.2.1. Computing the matriz A. In practice, we work over the field Q({n) to obtain a basis for My g,
where N is the least common multiple of the levels of G and ker(y). The Hilbert 90 Theorem states that
H'(Gal(Q(¢n)/Q), GL (Q(Zn)) is trivial so given a cocycle 1, there exists a matrix A € GL,,(Q({n)) such
that n(oc) = A~ "o(A).
This matrix can be explicitly computed. In practice, we are using the algorithm and implementation given
in [Rak24, §5.3].
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7. THE ALGORITHM

In this section, we put together the work done in previous sections and describe an algorithm to compute
a projective model of a modular curve Xg where G C GL,(Z) is an open subgroup with genus at most g for a
fixed natural number g.

Our algorithm has two parts. The families mentioned in Theorem 7.5 must be computed along with a
chosen representative for each family. Using these precomputed data, we then provide an algorithm that,
given a modular curve Xg, finds the family of groups it lies in, computes the cocycle with respect to the
representative, and twists the representative curve to get a projective model of Xg.

Algorithm 7.1 (Precomputation).

(i) Compute o7, the set of all the agreeable subgroups of GL,(Z) whose genus is at most g. In subsection
5.1, we have described an algorithm for computing them. In practice, we only compute 275 up to
conjugacy in GL;(Z).

(ii) For each § € 27, compute the subgroups B such that [§,5] CB C §n SLz(i). Note that [G, G] and
GNSL,(Z) are open subgroups of SL,(Z), so for each agreeable subgroup there are only finitely many
such subgroups B.

(i) Form all the possible families (up to conjugacy) % (G, B). We call this set Z#,.

(iv) For each family in .#g, determine if the family is empty or not. If it is not empty find a representative
W e %#(G,B). Empty families can be discarded.

(v) For each family #(G,B) € #4 with a representative W, compute a model C C [F"(CQE+1 of Xy and
the associated relative j-map 7y : Xy — Xg via the methods described in §2 and the algorithm
given by Zywina in [Zyw22]. In particular, we compute a set of linearly independent modular forms

foy ..., fa € My, g and C is defined by homogeneous polynomials Fy,...,Fs € Qxo,...,xq] such that
Fi(fo,...,fd) =0fori= 1,‘..,8.
Remark 7.2.

e If two open subgroups G,G’ C GLz(z) are conjugate to each other in GLZ@), then Xg and Xg-
are isomorphic over Q. Therefore, it is enough to consider the agreeable subgroups and families of
modular curves up to conjugacy in GL,(Z).

e For the first step, we start from the data of congruence subgroups of SL;(Z) which is given in [CP03a]
for g < 24. Hence we obtain the set 7y for g = 24.

e Theorem 4.3 gives a criterion for checking whether a family is empty or not. Based on this theorem,

an implementation is given in [Zyw24] to find a representative in .% (G, B).

e Algorithm 7.1(v) is, computationally, the most expensive part of the precomputation as it includes
the computation of Eisenstein series (and their g-expansions for possibly high precision) that span
My, w for a certain k € N.

Computing the models: After the precomputation, one can use the following algorithm to compute a
projective model of Xg. It takes an open subgroup G C GL,(Z) with full determinant and —I € G as input.

Algorithm 7.3. Let G C GL5(Z) be an open subgroup where Xg genus at most g. This algorithm computes
a model C C P& of the modular curve Xg.
(i) Compute B := G NSL,(Z) and the agreeable closure of G, which we call §.
(ii) By Theorem 5.3, § is in 27y, possibly up to conjugacy in GLZ(Z). If necessary, conjugate G, § and B,
and replace them with their suitable conjugates so § € o7;. Find the family .#(§, B) € ;.
(iii) Since #(G,B) is not empty, we have precomputed a representative W € %#(G,B). Compute the
homomorphism vy : Z* = G/B — §/W. Then G is equal to W, by Theorem 4.2.
(iv) Comput(j the associated cocycle & by precomposing with the cyclotomic character xcy. and the related
cocycle & as in §6.1.1.

(v) Compute the Hilbert 90 matrix A, as described in §6.2.1.
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(vi) Apply the matrix AT to the polynomials defining Xy to get polynomials (Fy)g,- -, (Fs)s. These have
coefficients in QP but are defined over Q.

(vii) By Theorem 6.6, the curve Cg C IF’&“ defined by (F;)¢ is a projective model of Xg defined over Q.
By [Zyw22, §5.3.2], 1(C¢) is generated by I(Cg)z UI(Cg)3 UI(Cs)s. Find a Q-basis for I(Cg)m for
m € {2,3,4} by taking traces of the generators.

Remark 7.4. Let G be the input of our algorithm, and let N be its level. Let Ny, N, be the levels of G and W,
respectively. The level of G is not bounded in terms of N7 and N3, it can be arbitrarily big. We do most of our
computations modulo lem (N7, N3). The level N is only used for computing the cocycle y : (Z/NZ)* — G/W.

This algorithm has been implemented for g = 12 in [Kar25]. Combining our algorithm with previous
results, we restate Theorem 1.5.

Theorem 7.5. Fix a non-negative integer g. Let G be an open subgroup of GL,(Z) of genus g with full
determinant and —I € G.

(1) There are only finitely many families of modular curves of genus g. These families are effectively
computable.

(2) Let G be an open subgroup of GL(Z) of genus g with full determinant and —I € G. There is an
effective algorithm utilizing families of modular curves, which takes as input the group G and outputs
a projective curve Cg C Py for some 1 > 0 such that Cg is isomorphic to Xg.

Proof. By Corollary 6.5, the family of groups mentioned in Theorem 5.3 corresponds to a family of twists of
modular curves which proves (1). The algorithm is described in Algorithm 7.3.
0
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