THE GROUP SL,(F;3) IS GALOIS OVER Q

ERAY KARABIYIK

ABSTRACT. In this paper, we prove that SL;(F;3) occurs as a Galois group over Q and that the
realizing extension can be chosen to be totally real. We start with an explicit totally real polynomial
of degree 14 whose splitting field has Galois group PSL;(F;3). After computing the ramification
indices and residue numbers in the Galois closure, we use Boge’s the central embedding problem from
PSLZ (IF[] to SLZ (]Fl)

1. INTRODUCTION

The inverse Galois problem asks whether every finite group is the Galois group of a finite Galois
extension of Q. The projective groups PSL;(F,) are known to occur for every prime p > 3 [Zyw15].
Passing to the nonsplit central cover

1 — {1} —> SL,(Fp) — PSLy(F,) —> 1

is substantially subtler. For p =5, Sonn realized SL;(F5) over Q [Son80]. Mestre later gave a regular
realization [Mes90] and Plans established the existence of a generic extension [Pla07]. Mestre constructed
a regular realization for p =7 [Mes94]. For p = 11, Kliiners constructed a degree-24 polynomial over Q,
using class-field computations made under the generalized Riemann hypothesis, and separately proved a
regular realization by an application of Mestre’s theorem [K1ii00]. Importantly, Uttenthal recorded the
narrower absence of an explicit even irreducible representation, or equivalently an explicit totally real
defining polynomial, at p = 13 [Utt25, Remark 20].

One obstruction to a standard explicit approach is visible in Konig’s Hurwitz-space computation
[K6n17]. For PSL;(FFy3), the only rational genus-zero-covering four-tuple has type (2A,2A,2A,3A), and
its Hurwitz curve has genus one and rank zero. As mentioned by Konig, its rational points yield no
cover with real fibres [Konl7, §7, closing Remark]. However, this does not rule out other Hurwitz-
space constructions. Our family is of a different kind, in the natural degree-14 action of PSL;(F;3) on
P'(Fy3), an involution has cycle type 122° and an element of order six has cycle type 1262, so the tuple
(2A,2A,2A,6A) has ramification-index sum 28 and Riemann—Hurwitz gives covers of genus one, not
genus zero.

Our main result is the following.

Theorem 1.1. There is a totally real Galois extension M/Q such that
Gal(M/Q) = SL;(Fq3).

Theorem 1.1 initially settled the existence question but the argument did not itself give a degree 56
defining polynomial whose splitting field is M. We have continued our search and found an explicit
degree 56 polynomial whose splitting field has Galois group SL;(F;3. The polynomial is of 5,297,862
string length and it can be found in:

https://github.com/eekarabiyik /SL2F13.

The proof uses various computer algebra systems, mainly Sage, GAP and PARI. Starting only from the
coefficients in (3.1), the main CAS certificate verifies the projective Galois group, computes the maximal
order and every ramified local factorization. It then exhausts the required subgroup configurations
inside PSL;,(F;3), and computes the trace-form invariants. A separate exact computation verifies the
method we found the degree 14 polynomial. The final input is Boge’s local—global criterion for the
central embedding problem.
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2. BOGE’S EMBEDDING CRITERION

As usual, we write eq and fq for the ramification index and residue degree at primes above q, where
g is a rational prime in a finite Galois extension L/Q.

Theorem 2.1 (Boge). Let £ be a prime with { =3 or 5 (mod 8), and let L/Q be a Galois extension with
group PSL;(Fy). Then L embeds in a Galois extension M/Q with group SL,(F,), compatibly with the
standard central quotient, if and only if

(1) L is totally real; and
(2) for every odd rational prime q for which eq is even,
fqis odd <= q=1 (mod4).
This is [Bog90, Satz 1, p. 153] in English. There is no hypothesis of tameness. The Satz 3 on in the
paper treats arbitrary nondyadic Galois extensions of Q. In particular, the criterion applies directly

to the wild prime 3. Importantly, there is no separate condition at 2 after the infinite and odd local
invariants vanish, Brauer—-Hasse—Noether reciprocity forces the dyadic invariant to vanish.

3. THE PROJECTIVE FIELD

The polynomial below was found in a Hurwitz-space search by specializing the archived exact rational
degree-14 family, whose branch-cycle shapes are (2A,2A,2A,6A) followed by PARI’s exact polredabs
reduction of the defining equation. The specialization was done at the parameter T = 28040147150. A
seperate computation verifies the Belyi map used in the search, the rational family and its branch shapes,
the specialization, and the equality of the reduced equation with the polynomial below. For the rest of
the paper, this Hurwitz-space search play no role.

Consider the following monic polynomial:

f(x) = x"* — 6x'3 — 204840441x'2 — 1119125930364x "

4 4529702096707905x'° + 38159749624959546246x°

— 18546069574715570089137x3 — 452968533089504837361085896x”

— 192666699116684784351337401333x° + 2209557167547162714402116518030950%°
(3.1) + 1429616844522426330943895770324225533x"

— 3899920152435181455812963700044487447036x>

— 1769134263978452128562169254872450324635597x°

+ 1792548173476070932710559372955582667141406554x

+ 825828856675546377159985433494767986559465932589
Proposition 3.1. The polynomial f is irreducible and has fourteen real roots. Its splitting field L has

Gal(L/Q) = PSL,(F13)

in its natural degree-14 action.

Proof. Modulo prime 5, finite-field factorization gives a squarefree product of two irreducible factors of
degree 7. Modulo 23 one has the squarefree factorization

f(x) = (x+8)(x"3 +9x"? +17x"T +19x1° 4+ 5x7 + 15x8

+6x7 4+ 16x°% +19x% + 15x* +12x3 + 4x? + 21x + 7).
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The factor of degree 13 is irreducible over F,3. If the monic polynomial f had a proper factor over Q,
Gauss’s lemma and reduction modulo 5 would force such a factor to have degree 7, whereas reduction
modulo 23 would force its degree to be 1 or 13. Hence f is irreducible. We also verify that its discriminant
is a nonzero square in Q in Sage, so its Galois group G is a transitive subgroup of Aj4. Let K = Q(«) with
« a root of f. Since the reduction modulo 23 is squarefree, 23 t disc(f) and in particular 23 1 [Ok : Z[«]].
Dedekind’s theorem therefore gives us a Frobenius cycle type (1)(13) in G.

The 63 conjugacy classes of transitive subgroups of S14 are classified in [But93]. They are also available
in the GAP transitive-group library [The26, Hul23]. We check them and see that the only even transitive
groups of degree 14 whose orders are divisible by 13 are

14T30 = PSL,(Fy3) and 14T62 = Aq4.

So we are left with showing that G is not A14. We do this by comparing how the two groups act on
the (';') =364 unordered triples of roots.

Let r1,...,714 be the roots of f. To each three-element set {i,j, k} attach the sum r; +1j + i, and put
all these sums into one polynomial

R3(y) = H (y—(Ti+Tj+Tk)>.
1<icj<k<14

i.e., the triple-sum resolvent. We compute it exactly from the coefficients of f with no numerical
approximation of any of the roots.
If sy =) ;™ and

5

)

then, modulo z3°

P1(z)® — 3P (2)P2(z) + 2P3(2)
: )

Z exp((n + 75 +Tk)Z) =

i<j<k

All equalities here are taken modulo z3%°. Newton identities compute s1, ..., 5364 directly from f. For
the sum, m! times the coefficient of z™ is

Z (ri+15+1)™,
i<j<k
the m-th power sum of the 364 roots of R3. Applying Newton identities a second time therefore
reconstructs every coefficient of R3.
Each coefficient of Rz is a symmetric polynomial with integer coefficients in ry,...,714. The fun-
damental theorem of symmetric polynomials expresses it as an integer polynomial in the elementary
symmetric functions of the r; and consequently Rz € Z[y].

We show, using Sage, that R3 is squarefree and is the product of two irreducible polynomials over Q,
each of degree 182. Thus

{i,)’,k}»—)ri—i-rj + T

is a G-equivariant bijection from the three-subsets of the roots to the roots of Rz. Under this bijection,
the irreducible factors of R; correspond exactly to the G-orbits. Hence G has two orbits, both of size
182, on the three-subsets.

The group A4 is transitive on all 364 three-subsets. In contrast, the natural degree-14 action of
PSL,(Fy3) has precisely two orbits of size 182. As a result, we conclude that G = PSL;(IFy3) in its
natural action. Finally, an exact Sturm-sequence calculation proves that all fourteen roots of f are
real. |

Because every root of f is real, its splitting field L is totally real. Thus the first condition of Theorem 2.1
already holds.



4. RAMIFICATION AND THE LOCAL OBSTRUCTION
Let K = Q(«) for a root « of f. Put
p1 = 1854089821344611, P2 = 2086114950053051.
Computing the maximal order using Sage and PARI, we have
(4.1) disc(K) = 22232213°5119°p$pS.
For a ramified rational prime q, let
Sq =lley, fi)li
be the prime-ideal factorization signature in K, and let d; be the corresponding exponents of the local

different. The complete calculation is shown in Table 1. The inertia group and the decomposition group
data can be seen as well.

q Sq (di)i (I,D) (eq»fq)

2 (1,2),(6,1)? 0,11,11 — not needed

3 (2)]))(3>2)a(6)]) ]»5)]] (SS)DlzJ (6»2)

13 (1,1%,(2,3) 0,0,1,1 (C2,Ce) (2,3)
,(2,1)?

51]9,P1»P2 (1)2) )(2»2)2 0>1»]>1v] (CZvCZXCZ) (2»2)

TABLE 1. Maximal-order data in K and the recovered inertia and decomposition data
in L. Here Dy, is the dihedral group of order 12.

We justify both the completeness of the table and the passage from the degree-14 stem to the Galois
closure.

Lemma 4.1. The rational primes in (4.1) are exactly the primes ramified in L. At every odd ramified
prime, the full pair (eq,fq) is the one shown in Table 1.

Proof. Let B be a point stabilizer in the natural degree-14 action of G = PSL;(IFy3) which means that
K = LB. Using Sage, we compute the maximal order of K, its discriminant, and the factorizations of the
ramified primes. This gives precisely the signatures displayed in Table 1.

Now fix a prime of L above ¢, with inertia and decomposition groups [<D. The primes of K above q are
described by the D-orbits on the fourteen points, while the I-orbits inside them record the ramification
indices and residue degrees. A GAP computation enumerates all pairs [<D < G and compares their
orbit data with the computed signatures. The only matches give

(eq)fq) = (6>2)a (2,3), (2»2)

for q =3, g =13, and q =5119,p1,p2, respectively, with the group structures shown in the table.
Finally, a prime ramified in K is certainly ramified in L. Conversely, if q ramified in L but not in K|,

its nontrivial inertia group would fix all fourteen points. This is impossible because the degree-14 action

of G is faithful. Hence the table is complete. |

We now check Boge’s condition. At every odd ramified prime the full inertia index is even, and
Table 1 gives
q |3 13 5119 p1 p2
fq |2 3 2 2 2
gqmod4 |3 1 3 3 3.

Thus

fgisodd <= q=1 (mod4)

at every required prime.



Proof of Theorem 1.1. The extension L/Q of Proposition 3.1 is totally real and has group PSL;(F;3).
Lemma 4.1 verifies the finite local condition in Theorem 2.1, and 13 = 5 (mod 8). Bo4ge’s theorem
therefore gives a Galois extension M/Q containing L and compatible with

1 *){il} — SLz(]FB) — PSLz(F]:J,) — 1.

Consequently Gal(M/Q) = SL;(Fq3).

It remains to show that M is totally real. Let Gg = Gal(Q/Q), and let p: Gg — SL2(F13) be the map
just obtained. Since L is totally real, complex conjugation c has p(c) € {£I}. If p(c) =1, let x be the
trivial character and if p(c) = —I, choose any imaginary quadratic character x: Gg — {£I}. In either case
put pX = xp. Its projectivization is unchanged and pX(c) =1.

This twist is still surjective. Any subgroup of SL,(F;3) mapping onto PSL,(F;3) is either the whole
group or a complement to the center, and the latter would have index 2 which would contradict the
perfectness of SL;(Fi3) [Zyw24, Lemma 7.7(i)]. Let My be the fixed field of ker(pX). All complex
conjugations in Gg are conjugate, and this kernel is normal; hence every complex conjugation acts
trivially on My.. Thus M, /Q is a totally real SL;(F;3)-extension.

0

5. REPRODUCIBILITY

Every script and related data can be found in
https://github.com/eekarabiyik /SL2F13.
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